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Abstract. Let R be a commutative Noethcrian domain, and let M and TV 
be finitely generated R- modules. We give new criteria for determining when 
M ®ij N has torsion. We also give constructive formulas for producing a 
module in the isomorphism class of T(M (gDji N), where T(— ) gives the torsion 
submodule of a module. In some cases we determine bounds on the length 
and minimal number of generators of T(M ®/j N). We focus on the case 
where R is a numerical semigroup ring with the goal of making progress on 
the Hunekc-Wiegand Conjecture. 



Throughout R will be a commutative domain. Additionally M and N will denote 
non-zero finitely generated i?-modules. The torsion submodule of M is the set 
T(M) = {x G M\ rx = for some non-zero r £ R}. We say that M is torsion-free 
provided that T(M) — 0. Otherwise we say that M has torsion. In this paper we 
will use the convention that local rings are Noetherian. 

It is often the case that the tensor product of two modules has torsion. Over 
some classes of rings it has been shown that the only cases where M <S)r N is 
torsion free are trivial. In particular, when R is either a regular local ring or a one- 
dimensional local hypersurface domain, then M £g>ij N is torsion-free if and only if 
one of M or N is free and the other is torsion- free; see |Auj . [L] and |HWj . On the 
other hand simple examples show that this property does not in general extend to 
complete intersection domains of codimension greater than one. For instance when 
R = /j[i 4 , t 5 , t 6 } the module (i 4 i? + t 5 R) <g> R (t*R + t 6 R) is torsion-free. 

We determine criteria on M, N and R that often allow one to predict whether 
M ®r N has torsion. In some special cases we give an explicit formula for con- 
structing T(M <gtR N) up to isomorphism, and we determine bounds on the length 
and minimal number of generators of T(M ®# N). In other cases we show how to 
reduce determining the length of T(M ®ii N) to an equivalent number-theoretic 
problem involving numerical semigroups. 

When R is local and integrally closed and M is a torsion-free i?-module, we 
have that M <8)r M* is reflexive if and only if M is free |Au[ 3.3], where M* := 
Rom R (M,R). C. Huneke and R. Wiegand have conjectured [HWl 473-474] that 
if R is a local domain such that M and M <S>r M* are Maximal Cohen-Macaulay 
(MCM), then M is free. Furthermore O. Celikbas and R. Takahashi have shown that 
if the Huneke- Wiegand conjecture holds when R is one-dimensional and Gorenstein, 
then it would hold for all Gorentein domains, and the Auslander-Reiten conjecture 
would also hold over Gorenstein domains |CT[ Proposition 5.6]. The Auslander- 
Reiten Conjecture claims that, if Ext R (M,R © M) = for all i > 0, then M is 
projective. Over a one-dimensional Gorenstein domain a module is reflexive if and 
only if it is torsion-free, and also if and only if it is MCM. In particular we would 
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like to show that if R is a one-dimensional local Gorenstein domain, and M is 
torsion-free but not free, then M ®r M* has torsion. 

Trying to make progress on the Huneke-Wiegand conjecture was the original 
motivation for this research. When R is any commutative domain and / is a two 
generated ideal of R, we obtain the isomorphism T(/cg>/*) = (J 2 ) -1 / (J -1 ) 2 , where 
J -1 := (R :k I) and K is the field of fractions; see Lemma [1.91 for details. In 
particular given a numerical semigroup S and a field k the following statements are 
equivalent; see Proposition 14.41 for details. 

(1) The Huneke-Wiegand Conjecture holds for two-generated monomial ideals 
over k[S]. 

(2) For every n in N \ S there exists a set of the form {x, x + n, x + 2n} c S, 
which does not factor as the sum of two sets of the form {y , y + n] C S and 
{z,z + n} C S. 

In |SLj P. Garcfa-Sanchez and the author use this equivalence to show that two- 
generated monomial ideals over complete intersection numerical semigroup rings 
satisfy the Huneke-Wiegand Conjecture. 

Much of the previous work related to torsion and tensor products has been 
focused on trying to determine when T(M <g> N) ^ 0. However, we develop tools 
that allow us to produce bounds on the size of T(M ®r N) in some special cases. 
For instance when R is a hypersurface numerical semigroup ring with non-principal 
monomial ideals I and J, we show that \r(T(I® r J)) > i/x(J)/x(J). Here Xr(-) 
gives the length of a module. Lastly, when R is a hypersurface numerical semigroup 
ring with monomial ideal J, we show that J Cg>fj J* has a minimal generating set 
such that 2/i(J) — 2 of the generators are torsion elements. Here fi(— ) gives the 
minimal number of generators of a module. 

1. Torsion over domains 

Let I be an ideal of R, let M be a finitely generated torsion-free i?-module 
and let ttim '■ I 8>R M —> IM be the R- module homomorphism defined by setting 
^im{t ® x) — rx for all r in I and x in M. When / and M are unambiguous 
we will simply write it for ttjm- In general ker(7rjAf ) = T(7 0^ M). Since IM is 
torsion- free it follows that T(J <g># M) C ker(7r/M)- Conversely, given x in I and 
/ = Y,i x i®Vi in ker(7rr M ) we have xf = £V xxi <8> y { — x ® J2i x iVi = °- 

A local ring is said to be analytically irreducible if its completion is a domain. 
An analytically irreducible local ring is said to be residually rational if it has the 
same residue field as its integral closure. Note that in this case the integral closure 
would necessarily be local by [Ka[ 6]. 

Remark 1.1. Let R be a one-dimensional Noetherian local domain. Then R is 
analytically irreducible if and only if its integral closure R is finitely generated as 
an R- module and is a discrete valuation ring (DVR). 

If R is analytically irreducible then R is reduced; hence by [Krj . R is a finite 
i?-module. By [Ka| 6] the number of minimal primes in R equals the number 
of maximal ideals in R. Thus if R is analytically irreducible, then R is a one- 
dimensional local integrally closed domain; hence by [AMI Proposition 9.2], R is 
a DVR. Conversely if R is not analytically irreducible, then R is not local and 
therefore not a DVR. 
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Lemma 1.2. Let R be a domain. Let M be a finitely generated torsion-free R- 
module. Let I, P and Q be finitely generated ideals such that P + Q = I. Then the 
sequence 

[a.b]^a+b rrfj^ ti /f\ S (PM)n(QM) n 

^ T(J ® R M) f p' 7 M *~ • 



T(P ® R M)®T{Q® R M)- 



is exact. In particular, if I = (f,g), then T(I <8>_r M) 



(PnQ)M 

(/M) n (gM) 
(/P n gR)M 



Proof. We have the following exact sequence: 
— 



PHQ P®Q^±^L 



-^0 



Applying (— ) ®r M we get the second row of the following commutative exact 
diagram: 



T(P M) © T(Q ®r M) T{I® R M) 



(PnQ) ® K M 



(P ® fl M) © (Q® K M) 



M ■ 



o — > (pm) n (gM) 



(PM)n(QM) 
(PnQ)M 



/>->[/,-/] 



PM © QM ■ 



[p,gj n-p+g 



JM 











Thus by the Snake Lemma we get the desired exact sequence. Note that the map 
5 in the lemma is the connecting map from the Snake Lemma. □ 

Let R be a local domain with maximal ideal m. Suppose there exists a fixed t 
in R such that m = (t ni , . . . , t n "). Then I is said to be a fractional monomial ideal 
whenever / = (t Zl , . . . , t Zh ) for some integers z\,...,Zh- 

Theorem 1.3. Suppose that R is either a Z™ standard graded k-subalgebra of 
k[xi, . . . , x n ] or a one- dimensional analytically irreducible residually rational do- 
main with maximal ideal m = (t ni , . . . , t n '), for some t in R. Let I = (ai, . . . , a m ) 
and J be finitely generated monomial fractional ideals, where each ai is a monomial. 

J2i<j( a i J najJ)(ej -ej) 



'£ i<j {a i Rna j R)J(e i 



Let ei, . . . , e m be a basis for R m . Then T(J (E>r J) 
Proof. We claim that the sequence 

o — >■ J2i< 3 ( a i R n a jR)( e i - e i) ~ > i a i-R e i 7 > i — >- o 

is exact, where 7 is the map that replaces direct sums with addition. It suffices to 
show that ker(7) C ^^(diRCi o-jR)( e i — e j)- 

Case 1: Let R be a Z n standard graded fc-subalgebra of k[x\, . . . , x n ]. Let / be a 
non-zero homogeneous element of ker(7) of degree w — [w±, . . . , w n ) in 1 n . Let x w 
denote n"=i x T i ■ Since / is homogeneous and in Y^iLi a iR- e i there exist at in k such 
that f — x w o^ei where x w in djP whenever a, ^ 0. Also since / is in ker(7) 

it follows that Y^iLi a i = 0- Choose h such that 7^ 0. Let S — {i\ ai ^ 0, /i}. 
Then / = Y, ie s a i x v (e l - e h ) is in ^ l<3 {a,R n a J R)(e i - ej). 
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Case 2: Let R be a one-dimensional analytically irreducible residually rational 
domain with maximal ideal (t ni , . . . ,t n °). Let / be a non-zero element of ker(7). 
Then / = 53;= i /* e i f° r some /j in aiR with J^. 1 /j = 0. Let v be the valuation 
associated to the valuation ring R and let n be the maximal ideal for R. There 
exists N such that C a^R for all i. When > N for all i, it follows that 
/ is in J2i<j( a iR ^ a jR){ e i ~ e j)- Let d = miti{u(/j)| i = 1, . . . , m}. By induction 
it suffices to show that there exists /' = J] /i e i' such that > d for all i and 

such that we can write /' as / — g for some g in X^<j( a 2-^- ^ a jR)i e i ~ e j)- Let 
S 1 = {i| v(fi) — d}. Choose h in S. For all j in S \ {h} there exists a unit Uj in 
R such that — ujt d ) > d. We claim that f' = f — J2jes\{h} u jt d ( e h — e j) has 
the desired properties. By construction > d for all j ^ h. As Y^T=\ fl ~ ^, 

we have v(f' h ) ^ min{u(/j)| j ^ h] > d, and the claim follows. 

Applying (— ) J to the exact sequence above we get the second row of the 
following commutative exact diagram: 







' ®i=l a iJ ' 



I 

^YT=\( a i J naj-J)(ej - ej) 

\ 

S i<j (a»Jnaj.7)(e i -e i ) 
J2 i<j (aiRnaj R) J( ei - ej ) 

The desired isomorphism follows from the Snake Lemma. 







T(J ® fl J) 



T,i<j( a i R n Oj-S) ®« J ( e » - e j) — *■ 0™ i a * R ®r J — *■ i®rJ '■ 



I J 



□ 



Theorem 1.4. Suppose either that R is a Z" standard graded k-subalgebra of 
k[xi, . . . , x n ] or that (R,m) is an analytically irreducible residually rational ring 
with maximal ideal m = (t ni , . . . , t n ') for some t in R. Let I and J be finitely 
generated monomial fractional ideals of R and let I — (ai, . . . , dh) such that each 
a,i is a monomial. Then the following conditions are equivalent: 

(1) T(J®h J) = 0; 

(2) (P n Q) J = PJ fl QJ for all ideals P and Q (not necessarily monomial) 
such that P + Q = I ; and 

(3) ((ai| i G S) n (aj| j £ S))J = (o,-| i G <S)Jn (a 3 -| j g 5)J 
for allS C 

Proof. (1) ==>• (2): This follows from Lemma fl. 2 1 

(2) =>■ (3): This is clear, since (3) is a special case of (2). 

(3) => (1): Let R be a Z™ standard graded fc-subalgebra of fc[xi, . . . , x n ]. Fix 
to in Z™ and let V = {i\ x w G aiJ}. Let G be the graph with vertex set V that 
contains the edge ij if and only if x w is in {aiRC\ajR)J . Let {S, S'} be a partition of 
{1, ...,h}. Assume that ((a,-| t G <S)n(aj| j G <S'))J = (a,| i G S)Jn(a 3 -| j G S')J. 
If (ai| i G <S) J n (a 3 -| j G <S')J does not contain as"', then either 5 t~l V — or 
5' n V — 0. If ((ai| ie5)n (aj| j G S'))J contains x w , then G contains an edge 
between a vertex in S and a vertex in <S'. Since this occurs for all S C {1, . . . , h}, 
it follows that G is path connected. 
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Suppose that x w (e y — e z ) is in ^2 i< j{a,iJf^ajJ){ei— ej) for some y, z in {1, . . . , h}. 
It follows that y and z are in V. Since G is path connected, there is a path i]Z 2 . . . ih 
from y to z where ij is in V, i% = y and = z. By our definition of G, for each 
edge ijij+x, we have that x^e^ — e ij+1 ) is in J2i<j( a iR ^ ajR)J(ei — ej). Thus 

- e z ) = EjCi^K -eij+i) 6 E l<J K- Rna j- R ) J ( e « - e j)- 
Since this condition holds for all w in Z™ it follows that 

J2i<j( a iJ na,-J)(e 4 - e 3 -) = Y.i <3 { a i R ^ a j R ) J { e i - e j)- 
Thus by Theorem O we have T(7 <g> fl J) = 0. 

The case where i? is a one-dimensional analytically irreducible residually rational 
ring with maximal ideal m = (t ni , . . . ,t n ") is analogous. Pick w in Z and use t w 
instead of x w in the argument above. □ 

Question 1.5. From Lemma [1.21 it follows that the implication ([TJ ^ in 

Theorem 11.41 remains true for general ideals over any commutative domain. For 
which ideals and which classes of rings is the reverse implication also true? 

Definition 1.6. Let R be a domain with field of fractions K. A fractional ideal 
I is a finitely generated submodule of K. Let M be a finitely generated rank n 
submodule of K n . The inverse of M is M _1 := {v £ K n \ v -w £ R for all w £ M}, 
where • is the dot product. In particular I^ 1 := (R I)- 

Remark 1.7. Let R be a domain with field of fractions K . Let M and N be rank 
n sub-modules of K n . Then (M + N)- 1 = M~ l niV" 1 . 

Let x be an element of (M + N)^ 1 . Then x ■ M C R and x ■ N £ R, so x is in 
M _1 rW _1 . Let y be an element of M^CiN' 1 . Then y(M+N) =y-M+y-N C i?, 
so y is in (M + iV) -1 . 

Lemma 1.8. Let R be a domain with field of fractions K . Let M be a finitely gen- 
erated submodule of K n . Then there is a natural isomorphism M^ 1 = Hom^(M, R) 
defined by sending v in M to the map [w i— > v ■ w\. 

Proof. The lemma will follow if we can show that the map [w \— > v ■ w] is invertiblc. 
Let ei,...e„ be standard basis vectors in K n . Since M has rank n there exist 
ati, . . . , ct n in K \ {0} such that ct%ei, . . . , a n e n are in M. By clearing denominators 
we may choose the ai to be in R. Our candidate for the inverse map will map / in 
Hom H (M, R) to the vector £™ =1 /(a ; e ; )e ' in K n . 

Any element of x in M can be written in the form x = X)"=i Pi a i e i f° r some /3j 
in K . Since / is i?-linear it must also be if-linear. This explains the last step in 
the next display. 

= Eft/( a ' e ') 
= /(*) 

Therefore, [to h-> u • w] maps the vector X^=i ^ a ^ ei back to /. Since / is in 
Homn(M, R) it follows that /(X)"=i Pi a i e i) is m -R- Thus x • Y^i=i ^ Q: ^ e '- )e ' is in R 
and V]™ i ^( a - e ') e ' i s i n M -1 . Let w be a vector in M~ l . Then t> = V™ , ( t, ' a ' e ') e ' 
proving that composition in the other direction is also the identity. □ 
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Lemma 1.9. Let R be a domain with field of fractions K. Let L = (/, g) be a 

two-generated fractional ideal of R and let M be a rank n submodule of K n . Then 

(IM)- 1 (L 2 )- 1 
T(J ® R M*) S pr^pr- Specifically T(I ® R I*) S 



Proof. By Lemma [L~2l and the isomorphism M* = M 1 we get the first step below. 

m T(T6* M*) - /^"'HgM- 1 ^ ,/.U 1 gU 1 ^ fg(LM)- 1 ^ (IM)- 1 
[ } [ R 1 [fRr\gR)M- 1 fgI- x M- 1 fgl^M- 1 I^M- 1 

The equivalence fR n .gi? = fg{g~ l R n /^fl) = + = /gi^ 1 justifies 

the second step in (1). The equivalence fM^dgM^ 1 = fg(g~ 1 M~ 1 P i f' 1 M' 1 ) = 
fg(gM + fAiy 1 = fg(IM)~ x gives the third step in (1), and the result follows. □ 



2. Correspondence between rings and numerical semigroups 

Let No denote the non-negative integers. A numerical semigroup S is a sub- 
monoid of (No, +) with finite complement in No- We use the notation (m, . . . , n e ) 
for the numerical semigroup riiNo + . . . + ri e No. The Frobenius number of a nu- 
merical semigroup S is the largest integer not in S and is denoted by F$ or simply 
F, when the underlying semigroup is unambiguous. For a detailed introduction to 
numerical semigroups see |RSj . 

Let S be a submonoid of Nq . Then a relative ideal A of S is a set of the form 

(oi, . . . , dm) := \Ji=i( a i + S) for some a i> • ■ • ) a h m 

Let R be a one-dimensional analytically irreducible residually rational domain 
with field of fractions K. Let (R 1 n) denote the integral closure of R with maximal 
ideal n. In this case R is a DVR. Fix a generator t for n and let v : K x — > Z be the 
valuation given by v(f) :— sup{i G Z| / G Let J be a fractional ideal of _R. 

We define v(R) := v(R - {0}) and v(I) := v(I - {0}). Then v(R) is a numerical 
semigroup, and v(I) is a relative ideal of v(R). 

Definition 2.1. Choose a monomial ordering on R = k[xi, . . . ,x n ]. Let / be a 
non-zero element of R. Then deg(/) := d = [di, . . . ,d n ] in Nq where x d := Y[ x i l 
is the leading monomial of /. For any non-zero elements / and g in R we define 
deg(f/g) :— deg(/) — deg(g) in Z™. Let X be a subset of the quotient field K. 
Then 

deg(X) := {d G Z n \ dcg(/) = d for some / G X \ {0}}. 

Note that we will often be considering R as a graded fc-subalgebra of k[x\, . . . , x ra ] . 
In such cases there may be many monomial orderings on the monomials of R, which 
are not simply restriction of monomial orderings from k[x\, . . . , x n \. However, we 
will only be considering monomial orderings from k[x\, . . . , x n ]. 

Let R be a fc-subalgebra of k[x±, . . . ,x n ] and let / be a fractional ideal of R. 
Then deg(_R) is a submonoid of Nq and deg(I) is a relative ideal of deg(i?). 

Remark 2.2. Let R be a one-dimensional analytically irreducible residually ratio- 
nal ring with maximal ideal m. Then we have the following: 

(1) The conductor (i? :k R) equals n F+1 , where F — F v i R y, 

(2) If / and g are non-zero elements of K such that v(f) = v(g), then there 
exists a unit u in R such that v(f — ug) > v(f). 

(3) If m= (t n \...,t n ') for some t mR, then v(R) = (rii, . . . , n e ). 
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|T]) : This is shown in the proof of |Ku| Theorem] . 

(2}: Consider the natural map 7 : n*-/) —> n v ^ /ti v ^'~ i ' 1 . There exists an element 
c in fc\{0} such that v(f) = cv(g). Since k = R/m we may choose a unit u in R that 
maps to c under the natural map R — > k. It follows that v{f —ug) = v(f)—cv(g) = 0. 
Thus / — ug is in ti^wH 1 and the result follows. 

([3]): The inclusion (m, . . . , u e ) C is straightforward. Let r be a non-zero 

element of R. Since R is local, r = Xh=i Uit n ' Wi where each is a unit in _R, 
n = [ni, . . . , n e ], each iuj is in Nq and n ■ iw, ^ n • tOt+i. Let f be maximal such that 
n • we = n ■ w\. Since n-w\ v{r), we may assume that n-w\ is maximal among all 
possible choices for w\. In this case vQ2 i=1 Uit n ' Wi ) = v(Q2 i=1 u,j)t n ' Wl ) = n ■ wi; 
hence v(r) = n ■ w± is in (n\, . . . , n e ). 

Remark 2.3. [BDFl Proposition II.1.4] Let R be a one-dimensional analytically 
irreducible residually rational ring. If I and J are fractional ideals of R with /C J, 
then \r(J/I) = \v(J) \ v(I)\, where A# denotes length as an i?-module. 

Remark 2.4. Let R be a fc-subalgebra of k[x\, . . . ,x n ]. Given fractional ideals 
I C J of R we have Ar(J/7) = | deg(J) \ deg(7)|. 

Since R is a fc-algebra, J/7 is a fc-vector space. By choosing a monomial order, 
modulo I each element of J is equivalent to a unique reduced polynomial such that 
none of its terms are divisible by a leading monomial in I. These polynomials form 
a I deg(J) \ deg(7)|-dimensional fc-vector space, which is isomorphic to J/ 1. 

Definition 2.5. Let S be a submonoid of Nq , and let A and B be relative ideals 
of S. Then the semigroup tensor product A (S>s B is the set A x B modulo the 
equivalence relation generated by (s + a, b) ~ (a, s + b) for all a in A, b in B and s 
in S. Elements of A (E>s B will be written in the form a ® b with a in A and 6 in B. 

We hx a map x '■ A <E>s B — > Z™ defined by x( a ® &) = a + b. For each z in Z™ 
let t z (A,B) := max{0, Ix" 1 !^)! ~ !}• Finally, let t(A, B) = E ze z- T ^A B ) be th e 
torsion number of A and B. 

Remark 2.6. Let I and J be monomial ideals of a numerical semigroup ring i?. 
Then r z (deg(7), deg( J)) = H(T(7 ® R J), z), where H(-, z) is the Hilbert function. 

To see this consider the exact sequence — > T(7 ®r J) — > I J — > IJ — » 0. 
From the additivity of the Hilbert function, we have 

H(T(7 ® fl J),z) - H(7 ® R J, z) - H(7J, z). 

Now H(7 (g>i{ J, z) is the same as the number of elements of deg(7) ®deg(R) deg( J) 
which map to z under the natural map x '■ deg(J) ®dcg(_R) deg(J) — > Z. In other 
words H(7 ®r J, z) = |x~ 1 (z)|. Also H(/J, z) only has two possible values and 1, 
and it is if and only if R(I® R J, z) = 0. Therefore H(7J, z) = if B.{I® R J,z) = Q 
and H(/J, z) = 1 otherwise. Thus 

H(7 ® fl J, z) - i7(7J, z) = max{0, Ix" 1 ^)] - 1} := r z (deg(7), deg(J)). 

Definition 2.7. Let 5 be a numerical semigroup with relative ideals A and B min- 
imally generated by ax, CL2, ■ ■ • , a, m and 61, 62, • • • , b n respectively. Given an integer 
z, we define a bipartite graph T Z (A, B) with respective vertex and edge sets 



V Z (A, B) = {vi\ z-a,i S B}u{wj\ z-bj G A} and E Z (A,B) = {viWj \ z-cti-bj £ S}. 
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Example 2.8. Let S = (5,11), A = (20,21,22) and B = (0,23,24). Let ai = 20, 
a 2 = 21, a 3 = 22, bi =0,b 2 = 23 and b 4 = 24. Then 

Tu(A,B) = 

The easiest way to see this is that 44 — a\ — b$ = is in S and 44 — a 2 — b 2 = 
is in S. However, none of the other edges appear because there are no other cases 
where 44 — at — bj is in S. Similarly we have 



r 45 (A,B) = 




1?3 W W2 V2 W% 



Proposition 2.9. Let S be a numerical semigroup with relative ideals A and B. 
There is a one to one correspondence between connected components of T z (A, B) 
and elements a®b in A <8>s B such that a + b = z. The correspondence is given by 
identifying the connected component containing Vi with ctj ®s (z — di) in A ®s B. 

Proof. It follows from the definition of T Z (A,B) that ViWj is in E Z (A,B) if and 
only if there exists cn ® (bj + g) in A ®s B with g in S. 

Suppose that a, ® (bj + g) and a s ® (b t + g') are elements of A ($s B with 
ai + bj+g = a s + b t +g' = z. Then it suffices to show that ai®(bj+g) = a s ®(b t +g') 
if and only if ViWj and v s w t are in the same connected component of T Z (A, B). 

Suppose that ViWj and v s Wt are in the same connected component of T Z (A, B). 
Then there exists a finite sequence of edges {vi h Wj h } e h=0 such that ViWj = Vi Wj , 
v s w t — Vi e Wj e and Vi h Wj h is adjacent to v ih+1 Wj h+1 for all h. Since v ih Wj h and 
Vi h+1 Wj h+1 are adjacent cither Vi h — Vi h+1 or Wj h — Wj h+1 . Suppose that for a given 
value of h we have Vi h — f» h+1 . Then ai h = a» h+1 , so 

a-ih ® ( b j h + 9h) = a th ®(z-a ih ) = a lh+l ® (z - a lh+l ) = a lh+1 ® (b jh+1 + g h+1 ). 

Suppose that for a given value of h we have Wj h = Wj h+1 . Then bj h = bj h+1 , so 

(a lh + g h ) ® b jh = (z- b jh ) ® b jh = (z - b jh+1 ) ® b jh+1 = (a th+1 + g h+1 ) ® b jh+1 . 

It follows by induction on h that (bj + g) = a s ® (b t + g'). 

Now suppose that ® (bj + g') = a s ® (b t + g'). Then there exists a sequence 
of ways to write that element 

a i ® ( b ja +9o), a io <E)(b n +g' Q ), (a io + g' )®bj 1 , (a n + g x ) ®b n , . . . , a h ® (b je + g t ) 

such that ai = aj , bj = bj , a s = a^ t and bt = bj e . It follows that the edges ViWj 
and v s b t are connected by the adjacent edges Vi Wj , Vi Wj 1 , v il Wj 1 , v i± Wj 2 , . . . , Vi t w. 
and the result follows. □ 



Corollary 2.10. Let S be a numerical semigroup with relative ideals A and B and 
let z be an integer. Then t z (A,B) is equal to maximum of and one less than the 
number of connected components of T z (A, B) . 
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For the next proposition note that if R is a fc-subalgcbra of k[x], then the con- 
dition that deg(IJ) \ (deg(7) + deg(J)) is a always a finite set. 

Proposition 2.11. Let R be a k-subalgebra ofk[xi, . . . , x n }. Let I and J be finitely 
generated fractional ideals of R. Choose a monomial ordering for k[xi, . . . , x n ] and 
suppose that deg(IJ) \ (deg(I) + deg( J)) is a finite set. Then 

A B (T(J ® R J)) < r(deg(7),deg(J)) - |deg(/J) \ (deg(J) + deg(J))|. 

Proof. Since replacing L with // and J with g J for any /, g in R does not affect 
the values on either side of the inequality, we may assume that I and J are ideals. 
Let A = deg(7), B = deg(J) and S = deg(i£). Let < denote the ordering on Nq 
which is associated to the ordering on the monomials of k\x\, . . . ,x n ]. Note that 
< extends naturally to an ordering on Z™. Choose fc-bases of monic polynomials 
{fz\ z G A}, {g z \ z e B} and {r z \ z <G S} for /, J and R respectively, and write 

fa = X a + ^ a i X \ gb = X b + ^ Pi x% and r s = X S + ^ e i x * 
i<a£Z" i<feeZ n i<s£Z" 

with on, f3 l and ej in k. For each s in S we have / a+;s = r s f a + J2 x<a +s S xfx for 
some S x in fc. Therefore 

fa+s ® 9b = r s f a ®g b + J2 x <a+s S xfx ® 9b 
= fa® r s 9b + J2x<a+s S xfx ® 9b 

= fa ® 9b+s + J2 y< b+s lyfa ®9y + J2x<a+s 5 xfx ® 9b 

for some S x and j y in k. It follows that for any a, c in A and 6, d in B such that 

a<g)6 = c<g>c?we have 

fa® 9b = f c ® 9d + J2 x + y <a+b a xyfx ® 9y with a xy e fc. 

For each z in A + B let c z = t z (A, B), and fix a z o, a z \, . . . , a ZCz in ^4 such that 

Xa.b( z ) = { fl ^o ® (z - a«o),-- • ,a ZCz ® (z - a zc J}. 

Let 7 be an element of I ®_r J. Then 7 = X^aeA fees a abfa ® 9b f° r some a a b in fc. 
Starting with z = a + 6 maximal such that a a {, 7^ and proceeding inductively as 
z decreases, we may replace each term a a bf a ® gb with a sum of the form 

Ciabfa z , ® 9z-a zi + T, x +y <z Pxyfx ® 9y, 

so that 7 = J2zeA+B E£=o a ztfa zt ® 9z-a zi for some a zi in fc. 

We may assume that there are only finitely many z in Z™ such that t z (A, B) ^ 0; 
otherwise t(A, B) = 00 in which case the inequality in the proposition holds. 

Let So = {z e A + B\ t z {A,B) ^ 0}. For each i ^ let Mj be the fc-vector 
space generated by elements of the form f azi ® g z ~a zi with z in Sj and let Sj+i = 
deg(7r(Mj-)). Then Sj C Sj+i and Mj C Mj +1 for all j in N . Note that S 
is a finite set. Choose j in No such that Sh is a finite set for all h < j. Since 
fa zi 9z-a zi is a finite sum of scalars times monomials for each i and z, it follows that 
the set Sj + i = deg{^ z i a zifa zi 9z-a zi \ z € Sj} is also finite; hence Mj is a finite 
dimensional fc-vector space for all j in No- Fix j in No and choose Zj+i in Sj+i \ Sj. 
Then Zj +J = deg(Y /zeS ^ l Pzzfa zz 9z-a zz ) for some in fc. Since Zj+i is not in Sj, 
it follows that there exists Zj G Sj \ Sj-i such that for some i we have (3 z a 7^ 
and Zj > Zj + i (set S_i = for the case j = 0). It follows that an increasing 
sequence So C Si C S2 C . . . yields a decreasing sequence z > zi > z 2 > . . . 
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in v(IJ). The reason that we must get a decreasing sequence is that for every 
element of Sj \ Sj-i we have a finite decreasing sequence of the form zq, . . . , Zj 
and at least one of these must extend to a finite decreasing sequence of the form 
zq,..., Zj+i. Since < satisfies the descending chain condition on v(IJ), it follows 
that zo,...,Zj cannot extend to an infinite decreasing sequence; hence the sequence 
So C Si C S*2 C . . . stabilizes. Choose N in No such that Sn — Sn+i- 

Let 7 = Eze a+b Eiio a zifa zi ® g z -a zi and suppose that there exists y in (A + 
B) \ Sn such that a y o ^ 0. For all z £ (A + B) \ Sn we have c z := t z (A, B) = 0, as 
{z £ A + B\ t z (A, B) ^ 0} C Sn- Let y be maximal among all such choices. Then 
we claim 7 is not in ker(7r). Otherwise 

de S(Y, z eA+B,z>yJ2'iLo a ^fa^9z-a^) = V & S N , 

which would be a contradiction. Thus ker(7r) C Mn- 

Let y be an element of deg(7J) \ (deg(7) + deg(J)). Choose 

6 = H z eA+B E£o a «/a„ ® 9z-a„ 

such that deg(7r(J)) = y. Assume that y is not in Sn- Then there exists w 
in (A + B) \ Sn such that a w o ^ with w > y. We may choose w to be 
maximal. However, since the coefficient of x w in n(5) is zero, we have w = 
deg(EzeA+B z >x Ei=o a zifa^9z-a^i)- Since w was chosen to be maximal this im- 
plies w is in Sn, which is a contradiction. Thus deg(IJ) \ (deg(7) +deg(J)) C Sn- 
We have the following: 

Afl(T(J® fl J)) ( =' A K (kcr(7r)) 

( => A K (M JV ) - Xr(tt(M n )) 

( =' A fl (M^) - \S N \ 

(4) 

< (E, eSw lx^WI)-l^| 

- (Ezes„n(A+B) Ixa.bWI) - 1^1 

= (E ze s„n(Wl^.y^)l - 1)) + l$v n (A + B)\ \S N \ 

= (E z zs N n { A + B)TM,B)) + \S N n(A + B)\ \S N \ 

®T(A,B) + \S N n(A + B)\-\S N \ 

( =' r(deg(7),deg(J)) + \S N D (deg(J) + deg(J))| - \S N \ 

( = } r(deg(7),deg(J)) - |^ \ (deg(7) + deg(J))| 

( < r(dcg(7),dcg(J)) - I dcg(7J) \ (deg(J) + deg(J))|. 

The first and sixth steps above are clear. The second step above follows from 
the inclusion ker(-7r) C Mn- Since 7r(Mjv) is a fc-vector space, its length is just the 
cardinality of deg(7r(Mjv)), which is |SW|, an d the third step follows. By construc- 
tion the generators of Mn (possibly non-minimal) are in one to one correspondence 
with x~a b(Sn), and the fourth step follows. Since \x~a b( z ) \ 1S non-zero if and only 
if z is in A + B, we get the fifth and seventh steps. Since {z £ Z| t z (A, B) ^ 0} C 
Sn n (A + B), we have the eighth step. The ninth step simply applies the identities 
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A = dcg(J) and B = deg(J). Since Sn is a finite set the tenth step follows from 
basic set theory. The inclusion deg(JJ) \ (deg(i) + deg(J)) C Sn implies the last 
step and the result follows. □ 

Lemma 2.12. Let R be a one- dimensional analytically irreducible residually ra- 
tional ring. Let L and J be fractional ideals of R with f,f in L and g 7 g' in J. 
Suppose that v{f) ® v(g) — v(f') ® v(g') in v(I) ® V ( R ) v(J). Then 

f®g = uf'®g' + £"=1 a l ®b i eL® R J 

where u is a unit, each ai is in I and each bi is in J such that v(aibi) > v(fg). 

Proof. Suppose that v(f) = v(f') + s for some s in v(R). Let r be in R such that 
v(r) = s. By Remark l2.2l ([2]) there are units u and v! such that v(f — urf) > v(f) 
and v(rg — u' g') > v(g / ). Since 

f® R g = uu'f ®g' + (/ - urf) ® R g + uf® (rg - u'g 1 ), 

it follows that the result holds in this special case. Similarly the result holds when 
v(f) + s = v(f). 

In general we may choose sequences fx , . . . , f n and gi , . . . , g n with f = fi, g = gi, 
f = fn and g' = g n such that for all i, f(/i<?j) = v(fg) and there exists an element 
Si in v(R) where either v(fi) = v{fi+\) + Si or v(fi) + Si = v(fi+\). Now the general 
result follows by induction from the elementary case. □ 

Lemma 2.13. Let R be a one- dimensional analytically irreducible residually ra- 
tional ring. Let L and J be fractional ideals of R and let 7 = ^27=1 fi ® 9i be an 
element of T(L <gi R J). Lf 

v(figi) > 2F + 2 + min(w(/)) + min(u(J)) 

for all i, then 7 = 0. 

Proof. Let x be in / and y be in J such that v(x) and v(y) are minimal. If 
v(fi) < F + 1 + v (y), then v(gi) > F + 1 + v(y) and gi = riy for some in n F+1 . 
By Remark [2~2l (fTj) we have that r; is in R, so fi® gi = fi® riy = rifi ® y. Since 
v(nfi) > F + 1 + v(x), we may write 7 as J27=i fi ® 9i wner e v(f[) > F + 1 + v(x) 
for all i. For each i there exists r\ in n F+1 such that f- — r[x. Thus 

Thus = tt(7) = x J2i =1 r-g'i, hence 7 = x ® £" =1 r[g[ = 0. □ 

Proposition 2.14. Let R be a one- dimensional analytically irreducible residually 
rational ring. Let I and J be fractional ideals of R. Then 

Afl(T(J ® R J)) sc t(v(I),v(J)) - \v(IJ)\(v(I) + v(J))\. 

Proof. For any integer c let 

M c := a-i ® R bi£ I ® R J\ v(a l b l ) ^ c} and 7V C := {x e IJ\ v(x) ^ c}. 

Let z = 2F + 2 + min(u(/)) + min(u(J)). Let M := M z and N := N z . Clearly 
7r(M) C iV. Lemma I2TT31 implies that M n T(I ® J) = 0. Therefore, 7T| m is 
injective. Let x be an element of N. Then x = fg with / in n F+1+l '( / ) C / and g in 
n F+i+v(j) ^ j Since ^ (g, 5 i s i n jvf and tt(/ (g) g) = x, it follows that tt\ m : M -t N 
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is an isomorphism. Let n : (I ®r J)/M — > (IJ)/N be the map induced from 
7r : / ®r J — > IJ. The next inequality follows from Lemma T2.12I 

X R (M C /M C+1 ) < \{a®bev(I)® v{R) v(J) : a + b = c}\ 

t c (v(I),v(J)) + 1 if c€v{I)+v{J) 
if c£ v (I)+v ( J) 

Note that t c (v (I),v(J)) = if c is not in + f (J) or c ^ z. Therefore 

Xr((I®r J)/M) = E C<Z MM C /M C+1 ) 

< r c («(J),»(J))+l 

= t(«(2),t;(J)) + \(v(I) + v(J))\v(N)\. 

This explains the fourth step in the next sequence. 

A fl (T(/®J)) ( =' \ R (kei(n)) 

= A fl (ker(7f)) 

= A fl ((J ® fl J)/M) - A fl ((JJ)/AT) 

2 r(v(I),v(Jj) + \(v(I) + v(J))\v(N)\ - Xr((U)/N) 

® r(t;(/), «(•/)) + |(«(J) +u(J))V(JV)| - |«(JJ)\«(JV)| 

( = } t(v(I),v(J))-\v(IJ)\(v(I)+v(J))\. 

The first step comes from the discussion at the beginning of Section 1 . The second 
step follows from the fact that tt maps M isomorphically onto N. The third step 
follows from surjectivity of W. The fifth step is given by the equality Xr((IJ)/N) — 
\v(IJ)\v(N)\ from Remark 12.31 The last step is straightforward, and the result 
follows. □ 

The next example shows that the inequality in Proposition 12 . 141 can be strict. 

Example 2.15. Let R = fc[t 4 , t 5 , t 6 ]^^^. Let I = (t 4 ,t 5 ) and J = (t 4 ,t 5 + t 7 ) 
be fractional ideals of R. Notice that v(I) — v(J) = {4, 5,8,— >}. When z ^ 9, 16 
we have t z (v(I),v(J)) — 0. Also v(I) (g>„(m v(J) has exactly two elements in 
degree 9 and in degree 16. Thus t(v(I),v(J)) = 2. Specifically 5(g>4^4®5in 
v(I) ®v(R) V ( J ) and 12®4 = 8®8 = 4(g)12^11(g)5 = 5(g>llin v(I) ® V ( R ) v(J). 
We have v(IJ) = {8, ->•} and v(I) + v( J) = {8, 9, 10, 12, ->■}. Therefore 

|«(jj)\K/)+«(j))| = |{ii}| = i. 

It follows from Proposition 12.141 that 

A(T(7 ® R J)) t(v(I), v(J)) - \v(IJ)\(v(I) + v(J))\ =2-1 = 1. 

In this case it turns out that the inequality is strict and A(T(J ®r J)) — 0. The 
difference can be accounted for by the relation t 4 ® t 12 — t 5 ® t 11 = 0. Specifically 
t 4 ® t 12 = t 4 ® (t w + t 12 ) -t 4 ® t 10 = t 9 ® (t 5 + t 7 ) - t 10 ® t 4 
= t 5 ® (t 9 + t n ) -t 5 (g>t 9 = t 5 (git 11 . 

Proposition 2.16. Let R be a one- dimensional analytically irreducible residually 
rational ring with maximal ideal m = (t ni , . . . , t n ") and let R' be a Z™ standard 
graded k-subalgebra of k[x\, . . . ,x n \. Let I and J be monomial fractional ideals 
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of R. Let I' and J' be finitely generated monomial fractional ideals of R' . Then 
Ak(T(7 ® R J)) = t(v(I),v(J)) and Xr(T(I' (g> R , J') = r(deg(7'), deg( J')). 

Proof. Let I — (t ai , . . . ,t am ). By Propositions 12. Ill and 12.141 we have the inequali- 
ties \r(T(I ®r J)) sC r(deg(/),deg(J)) and \ R (T(I' ® R , J')) ^ t(v(I'),v(J')). By 
Theorem II. 31 we have 

For each 2; in deg(7J) choose h z such that z — a^^ is an element of deg(J). Then t z 
is an element of t ah ' J. If we take the quotient of M by all of the distinct non-zero 
elements of the form t z {e\ — e^,) starting with z as large as possible and letting z 
decrease, then at each stage the length of the quotient decreases. Thus \ R (M) is 
at least the number of elements of this type. Consider the following equivalences. 

i2 ( e r - e s)eE,<j( f ' Jn!a,J )( e ^ e j) ^ z £ (a r + v(J)) and z e (a s + v(J)) 

a r Cg) (z — a r ), a s Cg) [z — a s ) G ii(7) (g) v( J) 

Suppose that t z (e r — e s ) is an element of J2i<j(t ai R ^ t aj R)J{ei — e^). Then 
there exists a sequence r = 1^,12 ... ,ih = s such that t z is in (t ai i R n f ^ 1 i?) J 
for j = 1, . . . , h — 1; hence there exist 61, ... , b^-i in deg(J) such that z — bj is an 
element of (o^ + deg(i?)) n {di j+1 + deg(R)). Thus 

Cbij Cg) (2 - a tj ) = (z - bj) <& 6j = a ij+1 <g) [z - a lj+1 ) for j = 1, . . . , h - 1. 

Thus o r (g (z — a,.) and a s Cg) (z — a s ) represent the same element in v(I) ® v (ii) v(J). 
It follows that for a given z in v(IJ) the number of distinct non-zero elements in 
M of the form t z (ei — e; lz ) is at least 

|{a, Cg) (z - a,) G u(7) (g)u(J)}| - 1 = r 2 (w(7), u( J)). 

Thus 

A^(T(7 ® R J)) = Ab(M) ^ E zeZ r z (v(I),v(J)) = t(v(I),v(J)). 
A similar argument shows that A,r(T(7' (gj?/ J')) ^ r(deg(7'), deg( J')). □ 



3. Hypersurfaces 

In this section we fix relatively prime integers a and b such that b > a > 1. 
Let Z := Z 2 / (6, — a)Z be the quotient group of Z 2 . For any point (a;, y) in Z 2 let 
(a;,?/) in Z denote the coset containing the point (x,y). Let ip : Z — > Z be the 
group isomorphism defined by ip((x,y)) := ax + by. Since ip is an isomorphism, 
it establishes an equivalence between sub-semigroups of Z and sub-semigroups of 
Z. Let S = (a,b). Then Sz '■= i ! ~ 1 (S) is the sub-semigroup of Z generated by 
= (0,0), ^ -1 (a) = (1,0) and tp^Q)) = (0,1). Given a relative ideal A of S 
we denote the relative ideal ^p~ 1 (A) of 5^ by Az- 

The set 

B(ylz) := {J^yj G A z | (x-l,y-l) £ A z } 

will be referred to as the boundary of A^- The Apery set of ^4 for some n in S" is 
the set Ap(A,n) := {a e A\ a-n£ A}. Note that B(A Z ) = V' _1 (Ap(A, a + b)). 
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Example 3.1. Let 5" = (5,7) and A = (17,21,25). The generators of A z are 
«/> _1 (17) = (2,1), tp~ 1 (21) = (0,3) and ip- 1 {25) = (5,0). We represent Z on a 
section of the lattice in the plain which depicts Z 2 . The region depicted below 
extends infinitely between the parallel lines. Two points in Z 2 are equivalent when 
they differ by an integer multiple of the vector v — (7, —5). Every point in Z 2 is 
uniquely equivalent to one of the points in the region below. We represent each 
element of Az with a •, each element of Sz\Az with a o and each element of 
Z\S Z with a" •". 

/ * * 
/» • • • 




Notation 3.2. Given a relative ideal A of S. The unique minimal generating 
sets for A z and A are Gen(Az) — {{x,y) £ Az\ {x — l,y), {x, y — 1) ^ A z } and 
Gcn(A) = {z G yl| z — a, z — b ^ A} respectively. 

Definition 3.3. A path 7 : [0, 1] — > R/Z is positively oriented if there is a strictly 
increasing continuous map 7' : [0, 1] — > K such that 7 is the composition of 7' with 
the natural surjection K — > E/Z. We define a negatively oriented path analogously. 
Let v = (b, —a) be a vector and let <p : Z — > M/Z be the map given by 

bx-ay (x, y) 



In particular sends the elements of B(A Z ) (resp. Gen(A z )) to distinct elements 
of R./Z. Therefore, the elements of B(Az) are cyclically ordered by the order that 
their images occur when traversing M/Z in the positively oriented direction. 

Let p and q be generators of A z . We say that q follows p and that p precedes 
q in Gen(A z ) (resp. £>(Az)) if </?(p) is the next element of <p(Gcn(A z )) to occur 
after ip(q) when traversing M/Z in the positively oriented direction. 

Definition 3.4. The closed interval [p, q)A C B(Az) is the set of all elements in 
B(A Z ) that successively follow one another in B(A Z ) starting with p up to and 
including q. Similarly we define the open interval (p, q)A '■= [p 5 ?]a\{Pj q}, and the 
half open intervals (p,q]A ■= [p, <?U\{rf and [p,q)A ■= [p, q]A\{q}- 



Definition 3.5. Let Ma,xB(A z ) = {(x,y) e B{A Z )\ (x - l,y), (x,y - 1) e 



In the next example one should reference the diagram in Example 13.11 for clarity. 



TORSION AND TENSOR PRODUCTS OVER DOMAINS AND SPECIALIZATIONS TO SEMIGROUP RINGS 



Example 3.6. Let S = (5, 7) and A = (17, 21, 25) be the same as in Example 1 3. II 
Then the cyclically ordered elements of Gen(Az) are (0,3), (2, 1) and (5,0). The 
set of maximal elements of the boundary is MaxB(Az) = {(0, 5), (2, 3), (5, 1)}. The 
cyclically ordered elements of the boundary B(Az) are 

((MO, (M), M , (173), (273) , (272) , (271), (37T), (40), (M), (5~0) and (M)- 

Notice that we do not mention (7, 0), since (7, 0) = (0, 5). Also we could have chosen 
to begin this list with any of the elements since the ordering is cyclic. Lastly the 
interval [(571) , (M)] A = { (M) , (^0), (M) , (0~5), (M), (M) , (M) } . 

Lemma 3.7. Let A be a relative ideal of S = (a, b) . Let Gen{Az) — {pi, ■ ■ ■ ,p n } 
such that Pi+i follows pi in Gen(Az) for all i in Z/nZ. Then we may choose 
ordered integers x\ < X2 < ■ ■ ■ < x n < x\ + b and yi > . . . > y n > y\ — a such that 
Pi = (xi,yi). 

Proof. Choose integers x\ and y\ such that p\ = (xi,y±). For each generator pi of 
Az choose integers x- and y\ such that pi = [x[, j/|). Then pi = (x[ + nb, y[ — no) 
for any integer n. There exists a unique integer n; such that x\ ^ x[ +nib < x± + b. 
Let Xi = x\ + and yi = — ma. For some pair i,j if Xi = Xj, then it follows 
that either pi is in pj + Sz or pj is in pi + Sz- Since the pi are distinct generators, 
it follows that in this case i = j; hence the Xi are unique. Now permute the labels 
X2, X3, . . . , x n and apply the same permutation to the labels 2/2, 2/3, • • • , Vn so that 

X\ < X2 < • • . < X n < Xi + b. 

For i — 2,..., n we have Xi > x^i and (xi,yi) is not in (xj_i,2/j_i) + Az- 
Therefore yi < yi-\. Assume that y n ^ y\—a. Then there exists a positive integer t 
such that y\— a < y n +£a ^ y\. It follows that (xi, yi) is in (x n — £b, y n + £a)+Sz = 
(x n ,y n ) + Sz- This contradicts the minimality of the generators; hence 

y\ > 2/2 > . . • > y n > yi - a. 
It follows from the ordering on the elements Xi and the yi that 

xib - yia ^ x n b - y n a ^ (xi + a)b - (yi - b)a _ x\b - y x a ^ 

a 2 + b 2 a 2 + b 2 a 2 + b 2 ~ a 2 + b 2 

Therefore, (xi,t/i), . . . , (x n ,y n ) occur one after another in the cyclic ordering on 
Gen(Az). Thus the permutation we applied to the labels X2, ■ ■ ■ , x n was the trivial 
permutation, and the result follows. □ 

Theorem 3.8. Let A and B be non-principal relative ideals of S — (a,b). Then, 

t(A,B) + \{z E Z| r z (A,B) ? 0}| ^ n(A)n(B), 

and it follows that t(A,B) ^n(A)p,(B). 

We will postpone the proof of Theorem 13.81 until the end of the paper. 

Corollary 3.9. Suppose that R = k[x a ,x b ] and that R' is a one- dimensional ana- 
lytically irreducible residually rational ring with maximal ideal m — (t a ,t b ) for some 
t in R. Let I and J be monomial ideals of R. Let I 1 and J' be monomial ideals of 
R'. Then A fl (T(I ® R J)) > |/x(J)/i(J) and A«(T(7' ® w J')) > ^fx(I')fi(J'). 

Proof. Apply Proposition 12. 161 and Theorem 13.81 □ 
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4. The inverse of an ideal 

Definition 4.1. Let S be a numerical semigroup with relative ideal A. The inverse 
of A is the relative ideal A* := {z 6 Z| z + A C S}. 

Remark 4.2. Let i? be a one-dimensional analytically irreducible residually ratio- 
nal ring and let R' be a fc subalgebra of fc[x]. Let J and J be fractional deals of R 
and R' respectively. If / is in J -1 , then /J C R implies v(f) + v(I) — v(fl) Cv(R). 
Therefore v(f) is in v(I)* and C u(J)*. Similarly deg(J- 1 ) C deg(J)*. 

If (t ai , . . . , £ a ") is the maximal ideal of R for some t in R and i?' is a standard 
graded fc-subalgebra of k[x], then = u(-T)* and deg(J _1 ) = deg(J)*. 

However, equality does not necessarily hold in the general setting. For instance 
if R= k[[t 5 ,t 7 ,t 9 }} and I = (t 5 , t 7 + t 8 ), then 5 is in v{I)* and 5 is not in u(J _1 ). 

Remark 4.3. Let R be an analytically irreducible residually rational ring with 
maximal ideal m = (t ni , . . . , i™ c ). If J is a monomial fractional ideal, then so is 
I . If J is a reflexive fractional ideal, then J is monomial if and only if J -1 is 
monomial. 

By Remark 1 2. 2 1 (p} we have that z is in v(R) if and only if t z is in R. Therefore 
// C R implies t v{f) I C R; hence if z is in then t z is in I' 1 . Let V = 

(t z \ z e vil- 1 )). By RemarkHJwe have Xr^/I') = \ v(I')\ = 0. Thus 

J -1 = I' is monomial. When J is reflexive we get the other implication, since 
(J-')-' = J. 

Let s be an integer and let T be a numerical semigroup. An arithmetic- sequence 
over r is a sequence of the form (x, x + s, x + 2s, . . . ,x + ns) such that x + is is 
in r for i = 0, . . . , n with n > 0. In this case we say that the arithmetic sequence 
has n steps. Arithmetic-sequences over T with step size s form a semigroup. Given 
arithmetic-sequences (y, y + s, . . . , y + as) and (z, z + s, . . . , z + bs) over T, their 
sum (y, . . . , y + as) + (z, . . . ,z + bs) :— (y + z,y + z + s, . . . ,y + (a + b)s) is also an 
arithmetic-sequence over F. We will say that an arithmetic-sequence is irreducible 
when it does not factor as the sum of two arithmetic-sequences. The following result 
is stated for semigroup rings but an almost identical proof yields a similar result for 
two-generated monomial ideals over analytically irreducible residually rational rings 
and also for two-generated monomial ideals over a standard graded /c-subalgebra of 
k [x\ , . . . , x n ] . 

Proposition 4.4. Let T be a numerical semigroup. Let I = (1, x s ) be a fractional 
ideal of k[T], for some field k and s in N. Then the length ofT{I®k\p] I*)) is equal 
to the number of irreducible arithmetic- sequences in F of the form ( x ■ x I s - x I 2j s ) . 

Proof. By Lemma fl~9l T(7 ®k[r] I*) — [7-1)2 ■ Therefore by Remark l24l we have 
A7i(T(/ ® m I*)) = |deg((/ 2 )-l) VdegOT 1 ) 2 )!. Note that degOT 1 ) - (0,s)* is 
the set of z such that (z, z + s) is an arithmetic-sequence in V. Also deg((/ 2 )~ 1 ) = 
(0, s, 2s)* is the set of z such that (z, z + s, z + 2s) is an arithmetic sequence in T. We 
have that deg((/ -1 ) 2 ) = (0, s)* + (0, s)* is the set of sums y + z such that (y, y + s) 
and (z, z + s) are arithmetic- sequence in T. Thus deg((/ 2 ) -1 ) \ deg((/ -1 ) 2 ) is the 
set of x such that (x, x + s, x + 2s) is an irreducible sequence in T, and the result 
follows. □ 

Lemma 4.5. Let R be a one- dimensional Gorenstein domain. Let I and J be 
fractional ideals of R with I C J. Then Atj(/ -1 / J -1 ) = Ar(J/I). 
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Proof. Applying Hom R (—,R) to the sequence / — > J — > J/I — > we get the 
exact sequence (J/I)* — > J* Ext^(J/7, R) -} 0. Since J/I is torsion 

and R is torsion-free, (J/I)* = 0; hence I^ 1 / J^ 1 = I* / J* = Ext R (J/I, R). Let 
E = ©mem-spcc(K) E fl (i?/m) where E R (R/m) is the injective hull of R/m. Then 
R — > K — > E — > is a minimal injective resolution of R. Applying Hom^(i?/7, — ) 
we get the exact sequence 

Rom R (J/I,K) -> Rom R (J/I,E) -> Ext^( J/7, i?) -> Ext^( J/I, X). 

Since if is injective, F,xt R (J/I,K) = 0. Since J/I is torsion, HoniR( J/I, K) = 0. 
Thus Rom R (J/I,E) = Ext R (J/I,R) J -1 / J -1 . Since Matlis duality preserves 
length, the result follows. □ 

Definition 4.6. A numerical semigroup S 1 is symmetric when S = {z\ F — z ^ S 1 }. 

In |Ku] E. Kunz showed that a one-dimensional analytically irreducible residually 
rational ring R is Gorenstein if and only if the semigroup v(R) is symmetric. The 
following result enriches this theory by extending the result to ideals. 

Proposition 4.7. Let R be a one- dimensional analytically irreducible residually 
rational Gorenstein ring. Let I be a fractional ideal of R. Then 

v(I)* = v^- 1 ) = {z\ F-z(/v(I)}. 

Proof. Let x be an element of 7 _1 \{0}. Then J := xl C R. Let z be in v(J _1 ). 
Then there exists / in J -1 such that v(f) = z. Let g be an element of K such 
that v(g) — F — z. Since v(fg) — F, it follows that fg is not in R. Since g 
is not in J whenever v(g) = F — z we have that F — z is not in v(J). Thus 
v^ 1 ) C{z| F-z^v(J)}. 

This implies the inclusion {F — z € z G u(J -1 )} C v(R)\v(J), which 

explains the fifth step below. 

A fl (i2/J) ( => Ah(J-V^) 

( = } |{F-zeZ| zew(J- 1 ) and z £ 
( = } |{F-z6v(i?)| zG^J" 1 )}! 



< |«(J2)\«(J)| 

= MR/J) 

The first step is given by Lemma 14.51 The second and last equalities are from 
Remark 12.31 The third step is elementary, and the fourth equality is from [Kul 
Theorem] . 

It follows that v(R) \ v(J) = {F - z e v(R)\ z e v(J -1 )}. If F - z is not 
an element of v(R), then F — z is not in v(J) and z is in v(R) C ^(J^ 1 ). Thus 
Z\v(J) = {F-z e Z| z G ^(J" 1 )}, and it follows that ^(J" 1 ) = {z| F-z ^ v(J)}. 
As u(J) = u(J) — v(x) and = v( J -1 ) + u(ai), we have 

u(/- 1 ) = {z| «(/)}. 

There exists a monomial ideal 7' over a one-dimensional analytically irreducible 
residually rational ring R' C R such that v(R) = v(R') and u(J) = v(I'). Thus 
«(/)* = v(I')* = v(I'- 1 ) = {z\F-z£ «(/')} = {z| 7 1 - z g w(J)} = w^- 1 ). □ 
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Theorem 4.8. Let S = (a, b) be a hypersurface numerical semigroup and let A 
be a relative ideal of S. Let Gen(Az) = {pi, ■ ■ ■ ,p n } such that Pi+i follows pi in 
Gen(Az) for all i in Z/nZ. Choose integers x\ < x 2 < ■ ■ ■ < x n < x\ + b and 
yi > y 2 > ■ ■ ■ > y n > yi - a such that p t = {x^y,). Then A* = (-axi - by n , ab - 
ax i+ i -byi\ i = l,...,n- 1). 

Proof. The diagram below illustrates points in Z 2 that represent elements of Az- 



» • ■ • • 
• • • • • • • 



• Vi-i 



W"' 



• • ■ • • • • 

PI "11 

The coset representatives of pi are labeled by pi. Similarly the elements of Z 2 
labeled by mi, . . . , m„ correspond to the elements of Ma,xB(Az). 

Let (xi, yi) be a point in Z 2 such that p\ — [x\,y\). Consider the rectangle whose 
corners are (x\, yi) and (x\ + b,y\ — a), which are adjacent coset representatives of 
p\. Then for each i in {2, . . . ,n} there is a unique point (xt, yi) inside the rectangle 
that is a coset representative pt. The ordering on the integers Xi and yi follows from 
Lemma 13.71 For all i in Z/nZ any point labeled rrii has the same x-position as the 
point labeled Pi+i below it and the same y-position as the point labeled pi to its 
left. It follows that to^ = (xj+i, yi) for i = 1, . . . , n — 1 and that m n = (%i + b, y n )- 

Note that F = ab - a - b and ^(F) = (b - 1,-1). By Proposition gJl A* = 
{F - z G Z| z <£ A}; hence A* z = {{b - 1,-1) -p e Z\ p <£ A z }. The generators of 
A* z are the elements (6—1, — 1)— p such that p is not in Az andp+(0, 1) andp+(l, 0) 
are in Az- These are elements of the form (6— 1, — 1) — p such that p = rrii — (1, 1). 
Thus Gen{A* z ) consists of the elements (b - 1, -1) - (m t - (1, 1)) = (6,0) - m, 
for z = 1, ... ,n. For i — 1, . . . , n — 1 we have ^((6, 0) — mi) — ip(b — Xi+i, —yi) = 
ab - ax l+ i - byi and ip((b, 0) - m n ) = ip(—xi, —y n ) = -a,X\ - by n . □ 

Proposition 4.9. Suppose that R = k[x a ,x b ] or that R is a one- dimensional an- 
alytically irreducible residually rational ring with maximal ideal m = (t a ,t b ). Let I 
be monomial ideal of R. Then I <S>r I* has a minimal generating set such that at 
least 2(i(I) — 2 of the generators are torsion elements. 

Proof. Let A equal v(I) or deg(I) depending on our choice of R. By Theorem 
14.81 we have A* = (— ax\ — by n , ab — axi — 6yi_i| i — 2, . . . ,n) for some integers 
x\ < . . . < x n < x\ + 6 and y\ > . . . > y„ > y± — a. Notice that (— ax\ — by n ) + 
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(axi+byi) = b(yi-y n ) and (ab-aXi-byi-i) + (a,Xi + byi) = b(a- (Vi-i—yi))- The 
fractional ideal (b(yi — y n ), b(a — (j/j-i — Di))\ i = 2, . . . , n) is principal. Similarly 
(— ckei - by n ) + (ax n + by n ) = a{x n - x\), (ab ~ axi - + (axi-i + = 

a(b — (xi — afj-i)) an d (a(a; n — x{), a{b — (xi — afi_i))| i = 2, . . . ,n) is principal. It 
follows that there exist at least 2n — 2 elements of Gen(A) + Gen(A*), which are 
not in Gen(A + A*). Consequently, at least 2n — 2 of the generators of / ®_r I^ 1 
are in the kernel of the map it : Ifgijil^ 1 —> Since ker(7r) = T(/<g)ft/ _1 ), the 

result follows. □ 



Question 4.10. Suppose that R is a one-dimensional hypersurface domain and 
that M is rank r torsion- free R- module. Considering Propostion 14.91 and the fact 
that T(M (g)R M*) 7^ when M is not free, we are led to the following question. 
Does the inequality /u(T(M ® R M*) > 2(p,(M) - r) hold in general? A positive 
answer in the case where M is graded or simply an ideal would also be interesting. 

Proof of Theorem \3.8[ Fix generating sets Gen(A) = {<ii, . . . , a m } and Gen(Az) = 
{pi, . . . ,p m } such that ip(pi) — at and Pi+\ follows pi in Gen(Az) for all i in Z/mZ. 
Also let Gen(B) = {&i, . . . , b n } and Gen(Bz) = {q 1: . . . , q n } such that i/)(qj) = bj 
and <7j+i follows qj in Gen(£?z) for all j in Z/nZ. 

We dehne a function <5 : Z/mZ x Z/nZ — >• A (gig i? and show that it is injective. 
Since (5 is injective, we have 

\S- 1 ( X - 1 (z))\^\ x - 1 (z)\^t z (A,B) + 1. 

Furthermore we show that for all c <g> d in Im(5) there exist distinct elements e <g> / 
and c ® d in A ®s B with c + d = e + f. Therefore for all z G Im(<5) we have 
t z (A, B) ^ 0. Let H = {z e Z| r z (A, £?) ^ 0}. From this we deduce the statement 
of the Theorem: 

t(A, B) + \H\ = Z z eH r,{A> B) + l> E zeH I^Or 1 (*))| - M^M^)- 

Since r(A,S) ^ it follows that r(A,B) > 

In each of the following six cases we assume conditions on elements in 
Z/mZ x Z/nZ. In each case we assume that none of the previous cases occurs. 

Case 1: Suppose a% + bj is not an element of Gcn(A + B). Then there exists 
u ^ i and v ^ j such that a, + bj = a u + b v + s for some s in 5. Since aj and 6j 
are minimal generators, it follows that S(i,j) := a, ® 6j ^ a u ® (b v + s) in A (gig B. 

For the remainder of the proof suppose that ai + bj is an element of Gen(j4 + B). 
Let C be the relative ideal generated by Gen(A + B)\{ai + bj}. 

Case 2: Suppose there exists (u, v) ^ such that a u + b v is not in C. In 

this case a u + b v = a, + bj + s for some s in S*. Let S(i,j) — a, ® (6j + s). Since a u 
and 6„ are minimal generators, we have that a u ® fr« ^ at ® (6j + s) in A <g> s B. 

Fix (7 and /i such that p g + qh precedes pi + qj in Gen(Az + Bz)- 

Case 3: Suppose g ^ i and h ^ j. Choose integers x\, X2, yi and j/2 with 
x\ < X2 < x\ + b and y\ > y% > yi — a, such that p g + qh = (xi,yi) and 
Pi + Qj = {x2, 2/2)- Then m :— (x2, yi) is in Max£>(Az + -B^). Let c = £2 — #i and 
d = y± — j/2- Then ip(m) = a g + 6^ + ca = a, + 6j + db. 

The following graph illustrates the relative positions of the elements {x\,yi) and 
(2:2,2/2) in the plain. Each point is labeled both by its coordinates and by the 
element of Z that it represents. 
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Pg + 1h m 

vi)* T ( B 2> Vi) 



Pi + 1j 



We wish to show that a g ® (pu + ca) ^ ai <8> (6j + c/6) in A ®s £?. We claim that 
none of the elements of the form p u + qh with u =/= g or p g + g,, with v h are on 
the interval [p g + qh,P% + qj]A+B', sec Definition 13.41 None of these elements are 
on the interval {m,pi + qj]A+B because otherwise we would be in Case 2. By the 
minimality of the generating sets, it follows that p u is not in p g + Sz and q v is not 
in qh + Sz- Therefore, p u + qh and p g + q v are not in p g + qh + Sz- It follows that 
none of the elements in question are on the interval [p g + qh, m]A+B- From this we 
conclude that a g ® (bh + ca) ^ a u <g> (bh + s) and a g <8 (bh + ca) ^ a g ® (b v + s) for 
any u ^ g, v ^ h and s in S. Consequently, 

5(i, j) := ai (g) (bj + db) ^ a g ® (b h + ca) G A ®s 

Fix £ and r such that pi + q r follows pi + qj in Gen(Az + Bz)- 
Case 4: Suppose that £ ^ i and r 7^ j. Then there exist positive integers c and 
d simultaneously minimal such that ai + bj + ca = ag + b r + db. The proof that 

8(i, j) := a, <g) (&,■ + ca) 7^ a e <g) (6 r + db) e A (g> s B 

mirrors the argument in Case 3. 

Case 5: Suppose g = i. Since A + B is not principle, it follows that h 7^ j. We 
will show that h = j — 1. The elements Pi + o/i, Pi + Oj-i and + q^- are minimal 
generators of pi + Since Oj-i precedes qj in Gen(Az), it follows that pi + Oj_i 
precedes pi + qj in Gen (pi + Bz ) ■ Applying Lemma 13.71 to the generators of pi + Bz 
we may choose integers Xh ^ < %j < %h + b and yu ^ Vj—i > Vj > Uh — a such 
that pi + q h = (xh,Vh), Pi + Qj-i = {xj-i,yj-i) and pt + qj = (xj,y 3 ). However, 
since pi + qh precedes pi + qj in Gen(Az + Bz), Lemma [3~7l implies that pi + qj-i is 
not in a + S for any a in Gen(Az + Bz) \ {pi + qh}', hence pi + qj-i is an element 
of pt + qh + S and h = j - 1. 

Case 5.1: Suppose that Pi+i + qj-i is an element of pi + qj + Sz- Then there 
exists s in S such that cij + bj + s = a; + i + bj—\. Since a^+i and bj^\ are both 
minimal generators, it follows that 

5(i, j) := a t <g> (bj + s) ^ a i+ i ® bj-i e A® s B. 

The graph below indicates the relative positions of the points involved in this 
case. In general a coset representative of Pi+i + qj-i will occur at some point in 
the enclosed region below, which excludes the dashed line. 

Pi + <3j-l 



.Pi+1 + 



Case 5.2: Suppose Pi+\ + qj-i is not in pi + qj + Sz- Consider the relative ideal 

D z ■= {pi + qj-i, Pi + qj, Pi+i + q v \ v e Z/nZ ) 

of Sz- We have that pi+qj-i, Pi+qj and Pi+\ +qj-i are elements of Gen(Dz) such 
that pi + qj is in [pi + qj^i,pi + \ + gj-i]_D. Choose z in Z/nZ such that Pi+i + q z 
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is the first element of the form pi+i + q v with v in Z/nZ to occur after pi + qj in 
B(Dz)- Then p l + qj is an element of [p t + qj-i,p i+ i + q z \o- Let 

E z ■= {pi + q 3 , Pu + q z \ u e Z/mZ ) 

be a relative ideal of Sz- Now it follows that pi + qj is in [p, + q Zl pi + \ + q z ]E, since 

the shift from (p(pi+i + q z ) to (^(ft+i + qj-i) in R/Z is the same as the shift from 

ip(pi + q z ) to (p(pi + qj-i); see Definition 13.31 

We may choose integers Xq < x x < x 2 < £o + b, and y Q > yi > y 2 > 2/0 — a such 

that Pi + q z = (£o,2/o), Pi + q 3 = (£1,2/1) and p i+1 +q z = (£2,2/2)- Let m = (£2,2/1), 

c = X2 — x\ and d — y\ — y 2 . Then we define 6(i 7 j) = a,i ® (bj + ca). By our choice 

of z we have Pi+i + q v is not in [pi + qj,pi+\ + q z \E for all u/z; hence m is not in 

Pi+i + qv + Sz for v 7^ z. We claim that m is not in p u + q z + Sz for u ^ i + 1 consider 

the following diagrams, which encompass the possible relationships between (xq, yo), 

(2:1,2/1) and (£2,2/2)- The dashed line corresponds to the preimage of B[Ez) in Z 2 . 
1 

1 ■ 

Pi + 92 1 , 

(*Q,yo)* 1 P>+9z| 

; (^o.so)* — n 

Pi + Qj I m I 

(!Ci,yi)* t(z2>Ml) Pi + 9j 1 m — p i + i + q z 

Pi+l+9il__ ("liVlJ (x 2 .yi) = (x 2 ,V2) 

Since all points of the form p u + q z with u ^= + l occur outside of the interval 
[Pi + q z ,Pi+i +<?z]b, it follows that m is not in p u + q z + Sz for u ^ i + Therefore, 

6(i,j) = a,i ® {bj + ca) ^ a i+1 ® (b z + db) £ A ® s B. 

Case 6: Suppose h = j. The construction for this case is similar to Case 5. We 
get that Pi-\ +qj is the generator of Az + Bz which precedes Pi + qj in Gen(yl + i?). 

Case 6.1: Suppose that Pi-\ + qj+i is an element of pt + qj + Sz- Then there 
exists s in S such that ai + bj + s = a^\ + Also, 

5(i,j) := a t (g) (bj + s) ^ a;_i ® b j+ i e A® s B. 

Case 6.2: Suppose pt-i + qj+\ is not in pi + qj + Sz- Given the relative ideal 

Dz = (Pi-i + qj, Pi + qj, Pu + qj+i I u e Z/mZ ), 

choose z in Z/mZ such that p z + tfo+i is the first element of the form p v + qj+i 
with w in Z/mZ to occur after pi + qj in B(Dz)- Choose integers £1, x 2 , yi and 
2/2 with Xi < x 2 < xi + b and 2/1 ^ 2/2 > 2/1 — a ; such that ^ + ^ = (£1,2/1) and 
P z + <7j+i = (-^2,2/2)- Let c = a; 2 - x\ and d = y\-y 2 - Then 

j) := Oj ® (6j + ca) ^ a z ® (b J+1 + db) e A <g> s B. 

Injectivity of 5: It remains to show that 5 is injective. In Case 1 we have 
= a>i®bj ^ a u (£1 b v + s for all (u,v) in Z/mZ x Z/nZ with (u,w) ^ (hi) 
and s in S. Therefore, 5~ 1 (ai eg) 6j) = {(i,j)}. In Cases 2,4,5 and 6 we have 
shown that 5(i,j) — ai <£> (6j + s) such that there are integers £1 < 23 ^ £2 and 
2/i > 2/2 ^ 2/3 > 2 /i - a where p g + qh = (£l,2/i), ^ _1 (ai + &j + s) = (£2,2/2) and 
Pi + <Zj = (£3, 2/3)- The following graph illustrates the relationship of these points. 
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Ps + 1h 



in + qj 



l6 _1 (<l4 + bj + s) 



Since the rectangular regions represented above containing are non-overlapping as 
varies, it follows that if and are distinct and each fit the criteria 

for either Case 2, 4, 5 or 6, then 

tp- 1 o X °S(i,j) ^ ip- 1 ax°6(i',j'); 

hence 6(i,j) ^ d(i',j'). When is in Case 3 and is not in Case f, if 

i/j- 1 o X o S(i,j) = oxo6(i',f), 

then is in Case 4 and — {g,h), where p g + precedes pi + qj in 

B(Az + Bz)- In this case we have shown that 

S(i, j) — flj <g> (bj + db) ^ a g ® (b h + ca) = 5(g, h). 

Therefore, 5 is injective and the result follows. □ 
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